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We discuss consistent power counting for integrating soft and collinear degrees of freedom over
arbitrary regions of phase space in the soft-collinear effective theory (SCET), and illustrate our
results at one loop with several jet algorithms: JADE, Sterman-Weinberg and k⊥. Consistently
applying SCET power-counting in phase space, along with non-trivial zero-bin subtractions, pre-
vents double-counting of final states. The resulting phase-space integrals over soft and collinear
regions are individually ultraviolet divergent, but the phase-space ultraviolet divergences cancel in
the sum. Whether the soft and collinear contributions are individually infrared safe depends on the
jet definition. We show that while this is true at one loop for JADE and Sterman-Weinberg, the k⊥
algorithm does not factorize into individually infrared safe soft and collinear pieces in dimensional
regularization. We point out that this statement depends on the ultraviolet regulator, and that in
a cutoff scheme the soft functions are infrared safe.
I. INTRODUCTION
The study of jets provides an important tool to investi-
gate strong interactions and tests QCD over a wide range
of scales, from partonic hard scattering to the evolution
of hadronic final states that make up the jets. Hadronic
jets also play an integral role in searches for physics be-
yond the Standard Model. Soft-collinear effective the-
ory (SCET) [1, 2, 3, 4, 5] provides a useful framework
to study jets, reproducing results from QCD obtained
from traditional factorization techniques (see, for exam-
ple, [6, 7]) while systematically including power correc-
tions and organizing perturbative resummation.
The effective theory separates the scales of the under-
lying hard interaction from the scales associated with
the collinear particles in the jets and the long-distance
soft physics. Unlike QCD, particles in SCET whose mo-
menta have parametrically different scaling are described
by separate fields - in this case, either (ultra-)soft or
collinear1. Their light-cone components, p = (n · p, n¯ ·
p, p⊥) = (p+, p−, p⊥) scale as :
ps ∼ Q(λ2, λ2, λ2), pc ∼ Q(1, λ2, λ) (1)
where n and n¯ are light-cone vectors in the ±~n direction
and λ is a small dimensionless parameter which is deter-
mined by the dynamics. At leading order in λ the soft
and collinear modes decouple in the SCET Lagrangian.
These properties of the effective theory have been utilized
to prove factorization, resum large logarithms and pa-
rameterize nonperturbative corrections for event shapes
in the two jet limit [8, 9, 10, 11] and for massive top
quark jets [12], for example. The factorization of generic
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1 In situations with multiple collinear directions, there are collinear
modes for each direction.
fully differential jet cross sections has also been shown in-
dependent of jet observables for e+e− and pp collisions
[13]. For an n-jet cross section with a given jet defi-
nition to fully factorize, however, the phase space con-
straints should also factorize appropriately in the effec-
tive field theory (EFT). Such factorization of phase space
constraints has not yet been shown in any scheme other
than the hemisphere scheme [13] (in which all events are
dijet).
In this paper we study the two-jet cross section for
e+e− collisions in SCET, using three jet algorithms: a
cone algorithm, Sterman-Weinberg (SW) [14], which de-
fines a jet based on an angularity cut and was considered
in the context of SCET in [8, 9, 15], as well as two cluster-
ing algorithms, JADE [16] and k⊥ [17], which iteratively
combine partons into jets based on kinematic conditions.
This is a first step towards the broader goal of determin-
ing the appropriate factorization theorem and resumming
logarithms using SCET. While we do not consider here
the more general problem of factorization theorems for
jets, we point out some implications of our results for fac-
torization theorems, in particular showing that the form
of the factorization in SCET depends on the ultravio-
let regulator. The main point of this paper is instead
to demonstrate the relationship between the cutoffs in
the effective field theory and phase space limits, and to
consider their implications for dijet rates in SCET. Since
SCET has no hard cutoff separating soft from collinear
regions of phase space, some care is required to perform
phase space integrals consistently. The NLO dijet rate
in SCET also demonstrates the interplay of divergences
between the soft and collinear sectors, and provides non-
trivial examples of the zero-bin subtraction [18].
II. PHASE SPACE IN QCD AND SCET
At each order in perturbation theory, a jet algorithm
corresponds to a scheme to partition the available phase
space into regions with different numbers of jets. At
O(αs), the phase space for e+e− → hadrons or hadronic
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2Z decay was discussed in SCET in [18] using the variables
xi = 2pi·qq2 , where q = p1 +p2 +p3 is the total momentum
of the process and p1,2,3 are the momenta of the quark,
antiquark and gluon, respectively. In our discussion we
will find it more convenient to choose the independent
variables to be the light-cone components of the gluon
momentum, p+3 ≡ n ·p3 and p−3 ≡ n¯ ·p3, and fix the coor-
dinates by choosing the antiquark to be moving purely in
the n¯ direction (i.e. p−2 = p
⊥
2 = 0). The resulting phase
space is illustrated schematically in Fig. 1. Note that be-
cause our choice of coordinates is not symmetric in the n
and n¯ directions, the phase space is not symmetric under
exchange of the p+3 and p
−
3 axes. (For example, in the
upper left the antiquark is constrained to be soft, while
in the lower right the quark and antiquark recoil against
the gluon, and so either the quark or the antiquark may
be soft, or both may be n¯-collinear.)
FIG. 1: Three-body phase space in p+3 , p
−
3 variables. The
shaded area indicates regions which may be described with
two collinear directions in SCET; the white region in the cen-
tre requires three directions.
In the shaded regions, two of the partons recoil ap-
proximately back-to-back and the third is either soft or
recoils roughly parallel with one of the other two, while
in the central unshaded region all three partons recoil
in different directions. Thus, the shaded region roughly
corresponds to two-jet events, while the central region
corresponds to three-jet events. The precise details of
this correspondence are determined by the particular jet
algorithm being used.
Within the effective field theory there are natural de-
grees of freedom associated with each region of the two
jet phase space, as indicated in Fig. 1. The complete
dijet rate, however, requires integrating over all these re-
gions, and since SCET has no hard cutoff separating soft
and collinear degrees of freedom, it would seem that each
mode should be integrated over the full QCD phase space
(this is the approach followed in [18]). However, this is
inconsistent with the effective theory, since, for example,
integrating a soft gluon in the collinear region would re-
quire it to have momentum well above the cutoff for soft
modes in SCET.
Instead, a phase space integral which extends above
the cutoff for the relevant mode should be replaced by
an ultraviolet divergence, which would then be regulated
and renormalized in the usual way. This occurs naturally
in SCET because of the multipole expansion for momenta
at the vertices. The kinematics for soft and collinear
gluon emission is shown in Fig. 2, where p± scale as Q,
p⊥ scale as λQ and the k’s scale as λ2Q. Because of the
multipole expansion, a given component of momentum is
not conserved at vertices involving particles whose typi-
cal momenta scale differently with λ. As a consequence,
the phase space for each mode in SCET differs from that
in full QCD, and it is misleading to use the kinematics
in Fig. 1 in the effective theory. For example, in the soft
emission graph in Fig. 2, conservation of momentum re-
quires p−1 = Q, p
+
2 = Q, while the k’s are unconstrained.
It is integrals over these unconstrained momenta which
will give rise to ultraviolet divergent phase space inte-
grals in the EFT. This is the approach followed in [11],
where ultraviolet divergent phase space integrals are ob-
tained for the soft and jet functions at NLO for angu-
larity distributions in SCET. This is also what happens
in SCET in loop graphs, where both soft and collinear
degrees of freedom propagate, integrated over the appro-
priate kinematic variables. Since phase space integrals
are just loop graphs with internal propagators placed on
shell, the same rules apply.
+ +
FIG. 2: Kinematics in SCET. In the first SCET diagram the
gluon is n-collinear, in the second it is n¯-collinear, and in the
third it is soft. Additional diagrams with soft quarks arise at
higher order in λ.
It is straightforward to illustrate this for various jet
definitions. In the SW definition, a two-jet event is de-
fined as one in which all but a fraction β of the total en-
ergy of the event is deposited in two back-to-back cones
with half angle δ [14]. The JADE algorithm requires that
3)c()b()a(
FIG. 3: Three-body phase space for different jet definitions in QCD. The shaded region corresponds to the two jet region; the
unshaded region in the centre is the three-jet region.
the invariant mass M2ik of every pair of final-state partons
i and k be calculated. If any are less than a fraction, j,
of the total center of mass energy squared, Q2, then the
momenta of the pair with the smallest invariant mass are
combined into a single jet according to a recombination
scheme which is part of the jet definition, the details of
which are not relevant at O(αs). This process is repeated
until no pair has an invariant mass less than jQ2. The k⊥
algorithm is a modified version of the JADE algorithm
which clusters partons based on their relative transverse
momentum rather than their invariant mass. The corre-
sponding kinematic variable is
yij =
2
Q2
(1− cos θij) min
(
E2i , E
2
j
)
. (2)
For massless particles this is equal to
yij =
M2ij
Q2
min
(
Ei
Ej
,
Ej
Ei
)
. (3)
The final states with the smallest yij , given that it is less
than a resolution parameter yc, are combined according
to a combination prescription. This process is repeated
until all pairs have yij > yc. In Fig. 3 we illustrate the
two-jet regions in QCD as defined by the JADE, SW
and k⊥ algorithms. The SCET regime for the two-jet
cross section corresponds to choosing the parameters δ,
β, j or yc to be much less than one in the respective jet
definition.
For the two jet JADE cross section, for example, inte-
grating k+3 in the soft sector all the way up toQ, as in Fig.
3(a), corresponds to integrating the gluon momentum far
above the cutoff. In the EFT, the upper limit of integra-
tion should therefore be replaced by an ultraviolet cutoff.
Indeed, while the regions of integration for the various
jet definitions are quite complicated, as far as the soft
gluon is concerned they should have no structure above
the soft scale. A similar situation holds for collinear glu-
ons, where the effective cutoffs in the perpendicular and
anti-collinear directions are parametrically smaller than
Q.
At O(αs), the JADE algorithm corresponds to a cut
on the invariant masses Mij of each pair of partons: if
M2ij < jQ
2, the partons are considered to lie in the same
jet, and the event is a two-jet event. The constraints in
full QCD shown in Fig. 3(a) are
M2qg
Q2
=
p+3
Q− p−3
< j,
M2q¯g
Q2
=
p−3
Q
− p
+
3 p
−
3
Q(Q− p−3 )
< j,
M2qq¯
Q2
=
Q− p−3 − p+3
Q
< j. (4)
Expanding these constraints in the n-collinear sector, we
find
M2qg
Q2
=
k+3
Q− p−3
< j,
M2q¯g
Q2
=
p−3
Q
< j,
M2qq¯
Q2
=
Q− p−3
Q
< j (5)
while in the soft sector we obtain
M2qg
Q2
=
k+3
Q
< j,
M2q¯g
Q2
=
k−3
Q
< j (6)
(while the constraint M2qq¯ < jQ
2 is never satisfied). Fi-
nally, in order to avoid double-counting of the soft sector,
the zero-bin of the collinear region must be subtracted
[18]. Taking the soft limit of the n-collinear region in
Eq. (5) gives the same region as the soft sector, Eq. (6).
The corresponding regions of phase-space are shown in
Fig. 4(a, b).
We note that, as required, the phase space contains
no explicit reference to any scales above the cutoff of the
theory and has no structure above this scale.
Similar constraints in the soft, collinear and zero-bin
sectors are easily obtained for the SW and k⊥ definitions,
4(a) (b)
FIG. 4: Phase space corresponding to two-jet events using the JADE algorithm in (a) the n-collinear gluon sector, and (b) the
soft gluon and zero-bin sectors. The thick arrows indicate integrations to infinity.
(a) (b) (c)
FIG. 5: Phase space corresponding to two-jet events using the SW algorithm in (a) the n-collinear gluon sector, (b) the soft
gluon sector, and (c) the zero-bin sector. As before, the thick arrows indicate integrations to infinity.
(a) (b) (c)
FIG. 6: As Fig. 5, but using the k⊥ algorithm.
5Jet Definition n-collinear regions soft regions zero-bin regions
JADE k+3 < j(Q− p−3 ) k+3 < jQ k+3 < jQ
p−3 < jQ k
−
3 < jQ k
−
3 < jQ
p−3 > Q(1− j)
SW k+3 < p
−
3
(Q−p−3 )2
Q2
δ2
k+3
k+3 +k
−
3
< δ2 k+3 < δ
2p−3
p−3 < 2βQ
k−3
k+3 +k
−
3
< δ2 p−3 < 2βQ
p−3 > (1− 2β)Q k+3 + k−3 < 2βQ
k⊥ min
„
k+3
p−3
,
k+3 p
−
3
(Q−p−3 )2
«
< yc
`
k+3 + k
−
3
´
k+3 < ycQ
2 k+3 p
−
3 < ycQ
2
(p−3 )
2 < ycQ
2
`
k+3 + k
−
3
´
k−3 < ycQ
2 (p−3 )
2 < ycQ
2
(Q− p−3 )2 < ycQ2
TABLE I: Two-jet regions of three-body phase space for JADE, Sterman-Weinberg (SW) and k⊥ jet algorithms.
and are summarized in Table I. Note that in both SW and
k⊥, the zero-bin region is not the same as the soft region,
since taking the soft limit of the n-collinear phase space
is not the same as taking the soft limit of the full QCD
phase space. The corresponding regions are illustrated
in Figs. 5 and 6.
Note that we have not had to specify the SCET expan-
sion parameter λ in order to expand the phase space in
the soft and collinear sectors; we have only assumed that
λ 1 so that the multipole expansion is valid. Similarly,
we have not assumed any relative scaling between β and
δ in the SW jet definition.
III. DIJET RATES TO O(αs)
In this section we calculate the NLO dijet rate (denoted
f2) in the JADE, SW and k⊥ schemes in SCET, which
is straightforward to do given the phase space regions of
the previous section. We show that in each case SCET
reproduces full QCD, as it must. We examine the scales
that appear in the soft and collinear cross sections, where
the power counting parameter λ is determined by the
dynamics in each algorithm. It is instructive to note
the cancellation of ultraviolet divergences between the
soft and collinear real emission contributions. We also
consider the infrared safety of the soft and collinear rates
separately.
At O(αs) the only contribution to the dijet rate comes
from the two-jet SCET operator O2 = ξ¯nWnγµW
†
n¯ξn¯.
The matching calculation from the full QCD current
ψ¯γµψ onto O2 has been performed many times in the
literature [15, 19, 20], with the Wilson coefficient
C2 = 1 +
αsCF
2pi
(
−1
2
ln2
µ2
−Q2 −
3
2
ln
µ2
−Q2 − 4 +
pi2
12
)
(7)
and the MS counterterm
Z2 = 1 +
αsCF
2pi
(
1
2
+
3
2
+
1

ln
µ2
−Q2
)
(8)
where we are working in d = 4 − 2 dimensions. The
SCET differential cross section for soft gluon emission is
given by
1
σ0
dσs =
αsCF
2pi
µ2eγE
Γ(1− )dk
+
3 dk
−
3
2 θ(k+3 k
−
3 )
(k+3 )1+(k
−
3 )1+
(9)
while for n-collinear gluon emission it is
1
σ0
dσn =
αsCF
2pi
µ2eγE
Γ(1− )dk
+
3 dp
−
3
(p−3 k
+
3 )
−
Qk+3
×
(
p−3
Q
(1− ) + 2Q− p
−
3
p−3
)
(10)
where σ0 = (4piα2/Q2)
∑
f e
2
f is the leading order Born
cross section with a sum over the (anti-)quark charges
ef . The dependence on ~k⊥3 and ~p
⊥
3 has been eliminated
via the gluon on-shell condition, and the integral over the
2−2 perpendicular components of the gluon momentum
has been performed in each case.
Finally, the differential rate in the gluon zero-bin re-
gion, dσn0, is obtained by taking the soft limit of Eq. (10),
which is the same as the soft rate,
dσn0 = dσs. (11)
(There are also zero-bin regions corresponding to the
quark and antiquarks becoming soft, but they are higher
order in λ and we will not consider them here.) For the
n-collinear region there are two zero-bins: p−3 → 0 and
p−1 → 0, but the contribution to the cross section from
the latter is of higher order in λ and so we will not con-
sider them here.
6A. JADE
Integrating the soft rate over the soft dijet region (6)
in the JADE definition gives
1
σ0
σsJADE
=
αsCF
2pi
(
− 2
2
− 2

ln
µ2
j2Q2
− ln2 µ
2
j2Q2
+
pi2
6
)
(12)
where we have taken j  1 and kept only the leading
terms in j. Integrating the n-collinear rate over the re-
gion (5), we find
1
σ0
σ˜nJADE =
αsCF
2pi
(
3
2
+
2

ln j +
3
2
ln
µ2
jQ2
+2 ln
µ2
Q2
ln j − 3 ln2 j − pi
2
3
+
7
2
)
(13)
where the tilde denotes that the zero-bin has not been
subtracted. The rate in the zero-bin region is identical
to that in the soft region, and so the zero-bin subtracted
result for the emission of an n-collinear gluon is
1
σ0
σnJADE =
1
σ0
(σ˜nJADE − σn0JADE) =
1
σ0
(σ˜nJADE − σsJADE)
=
αsCF
2pi
(
2
2
+
3
2
+
2

ln
µ2
jQ2
+
3
2
ln
µ2
jQ2
+ ln2
µ2
jQ2
− pi
2
2
+
7
2
)
. (14)
The emission of a collinear gluon in the n¯ direction, i.e.
from the anti-quark, can be calculated in a similar way,
and it gives the same contribution.
In pure dimensional regularization, all the virtual ver-
tex corrections and the wavefunction renormalizations in-
volve scaleless integrals and thus vanish. Hence we only
need to add up the real emission contributions:
1
σ0
σRJADE
=
1
σ0
(
(σ˜nJADE − σn0JADE) + (σ˜n¯JADE − σn¯0JADE) + σsJADE
)
=
1
σ0
(σ˜nJADE + σ˜
n¯
JADE − σsJADE)
=
αsCF
2pi
(
2
2
+
3

+
2

ln
µ2
Q2
− 2 ln2 j + ln2 µ
2
Q2
+3 ln
µ2
jQ2
− 5pi
2
6
+ 7
)
. (15)
Note that the soft contribution enters into the final ex-
pression with a minus sign. This is a consequence of
zero-bin subtraction and the fact that zero-bins are iden-
tical to the soft contribution. Similar observations have
been pointed out in [21, 22, 23]. The divergent terms
in Eq. (15) are cancelled by the counter term |Z2|2, and
including the Wilson coefficient, |C2|2, gives the two-jet
fraction
fJADE2 =
|C2|2
|Z2|2
(
1 +
1
σ0
(
σnJADE + σ
n¯
JADE + σ
s
JADE
))
= 1 +
αsCF
2pi
(
−2 ln2 j − 3 ln j + pi
2
3
− 1
)
.
(16)
This result agrees with the full QCD calculation given in
[24, 25].
It is instructive to comment on a few details of the
SCET result. First of all, since dimensional regular-
ization regulates both the infrared and ultraviolet di-
vergences, the cancellation of ultraviolet divergences be-
tween the soft and collinear emissions is not explicit. To
show how this works, we can repeat the calculation with
the quark and anti-quark offshell, p21, p
2
2 ∼ λ2 6= 0, so
that all 1/ divergences in the calculation are ultraviolet.
The calculation is given in Appendix A. The resulting
rate for soft gluon emission over the JADE phase space
is
1
σ0
σsJADE =
αsCF
2pi
(
−2

(
ln
p21
jQ2
+ ln
p22
jQ2
)
+
(
ln
p21
Q2
+ ln
p22
Q2
)2
− 2
(
ln
p21
Q2
+ ln
p22
Q2
)
ln
µ2
Q2
)
+ · · ·
(17)
where the ellipses denote finite constant terms which are
not relevant for the discussion. The unsubtracted n-
collinear cross section is
1
σ0
σ˜nJADE =
αsCF
2pi
(
− 2
2
+
2

(
ln
p21
jQ2
− ln µ
2
j2Q2
)
− ln2 p
2
1
Q2
+ 2 ln
µ2
Q2
ln
p21
Q2
+
3
2
ln
p21
Q2
)
+ . . . (18)
while the zero-bin region gives
1
σ0
σn0JADE =
αsCF
2pi
(
− 2
2
− 2

ln
µ2
j2Q2
)
+ . . . . (19)
Thus, the zero-bin subtracted n-collinear cross section is
1
σ0
σnJADE =
αsCF
2pi
(
2

ln
p21
jQ2
− ln2 p
2
1
Q2
+ 2 ln
µ2
Q2
ln
p21
Q2
+
3
2
ln
p21
Q2
)
+ . . . .
(20)
The result for n¯-collinear gluon emission will be the same
as that for n-collinear gluon emission with the replace-
ment p21 → p22. Note that the 1/2 divergence from
7collinear emission is removed by the zero-bin. Combin-
ing the real emission contributions to the JADE cross
section, Eq. (21), we see that while the phase-space inte-
grals for soft and collinear gluon emission are individually
ultraviolet divergent, with mixed ultraviolet infrared di-
vergent terms, the ultraviolet divergences cancel in the
sum:
1
σ0
σRJADE
=
αsCF
2pi
(
2 ln
p21
Q2
ln
p22
Q2
+
3
2
ln
p21
Q2
+
3
2
ln
p22
Q2
)
+ . . . .
(21)
This is the same cancellation which occurs at the one-
loop level in SCET [1], in which separately ultraviolet
and infrared divergent terms cancel in the sum of the
soft and collinear graphs.
The soft and collinear sectors are also individually in-
frared finite for the JADE algorithm. The soft virtual
vertex correction is given by [20], and contributes equally
to the two-jet rate in all definitions
1
σ0
σsV
=
αsCF
2pi
(
− 2
2
− 2

ln
(
−µ
2Q2
p21p
2
2
)
− ln2
(
−µ
2Q2
p21p
2
2
))
+ . . . . (22)
The soft wavefunction renormalization graphs are zero
and so the cross section in the soft sector is given by
1
σ0
(σsJADE + σ
s
V ) =
αsCF
2pi
(
− 2
2
− 4

ln
µ
jQ
)
+ . . . .
(23)
The result is purely ultraviolet divergent and agrees
with the pure dimensional regularization calculation in
Eq. (12). The collinear contribution is similarly free of
infrared divergences.
Second, we note that the scale at which the logarithms
in the NLO n-collinear rate are minimized, µ =
√
jQ, de-
termines the collinear or jet scale in SCET, λQ, and that
without the zero-bin subtraction there is no value of µ
at which the logarithms in Eq. (13) are minimized. The
logarithms in the soft rate (12) are minimized at µ = jQ,
the expected soft scale in SCET, λ2Q. From Fig. 4 we
see that jQ is the relevant soft scale that emerges from
the multipole expansion of the JADE phase space con-
straints. However, as we shall see from the SW two-jet
soft rate, this is not universally the case. The true soft
scale depends on the details of the soft theory, which
is not addressed here. Furthermore the calculation of
the leading logarithmic contribution in full QCD [25, 26]
shows that the resummed result is not simply given by
the exponentiation of the NLO term. It has been demon-
strated that the emission of two soft gluons with large an-
gular separation can be combined to constitute a third jet
in the JADE clustering algorithm. These types of config-
urations change the leading-logarithmic two jet fraction
and spoil naive exponentiation, as the emission of subse-
quent soft gluons qualitatively changes the phase space
constraints. These configurations also involve the para-
metrically lower scale j2Q [26], which complicates the
summing of logarithms of j. However, this effect does
not arise until O(α2s), which is beyond the order to which
we are working.
Finally, it is instructive to look more closely at the
zero-bin subtractions in different regions of phase space.
In particular, while the n-collinear region of integration
naturally describes the region where the n-collinear quark
and gluon form a jet (see Fig. 4(a)), it also includes
regions where the antiquark and the gluon, as well as
the quark and the antiquark, form jets. In order for
an n-collinear gluon to form a jet with an n¯-collinear
antiquark, the gluon must be soft, and as a result one
would expect the entire contribution from this region of
phase space to be cancelled by the zero-bin subtraction.
Similarly, the region where the n-collinear quark and n¯-
collinear antiquark form a jet should be cancelled by the
corresponding quark and antiquark zero-bins; however,
these are subleading in j. We show below that this is
indeed the case at O(αs).2
The region where the n-collinear gluon and n¯-collinear
quark form a jet in the JADE algorithm is defined by the
region
k+3 > p
−
3
(Q− p−3 )
Q
, 0 < p−3 < jQ (24)
and integrating the differential rate (10) over this region
gives
αsCF
2pi
(
− 1
2
− 2

ln
µ
jQ
+
pi2
12
− 2 ln2 µ
jQ
)
(25)
where, as usual, we have dropped terms subleading in j.
The zero-bin constraints for the same jet are
k+3 > k
−
3 , 0 < k
−
3 < jQ (26)
and integrating the differential rate (11) over this region
and expanding in j gives the same result as (25). Hence
this region is entirely zero-bin and is absent from the
n-collinear rate, thereby reducing the combinations of
partons that need to be considered. Similarly, the region
where the quark and antiquark form a jet is
k+3 >
(Q− p−3 )2
Q
, Q(1− j) < p−3 < Q (27)
and integrating Eq. (11) over this region gives a result
of order j, and so the rate vanishes to the order we are
working. We expect that such cancellations will continue
beyond leading order, simplifying the combinatorics of
clustering multi-gluon states.
2 We thank S. Freedman for this observation.
8B. Sterman-Weinberg and k⊥ Jet Definitions
It is straightforward to repeat the calculations of the
previous section for the SW and k⊥ jet definitions. How-
ever, each of these algorithms introduces additional fea-
tures not present in the JADE calculation: the relevant
scales are different and in both cases the zero-bin con-
tribution is distinct from the soft contribution. Further-
more, in the k⊥ definition the soft and collinear rates
are not individually infrared safe using dimensional reg-
ularization to regulate the ultraviolet, indicating that the
rate does not factorize into well-defined soft and collinear
contributions in this scheme in SCET.
1. SW
Jets in the SW definition were studied in SCET in
[8, 9, 15]. In these papers it was argued that because the
kinematic cuts on the soft phase space were much larger
than the typical soft scale, the soft phase space integral
should be unrestricted. In [8, 9] this is because the scaling
β ∼ δ is chosen, while in [15] β is taken to be of order δ2,
but the soft scale is taken to be ΛQCD. Our results differ,
as we have not assumed any relative scaling between βQ,
δQ and ΛQCD, and we argue that SCET power counting
uniquely requires the restricted soft phase space in Fig.
5(b). (We expect, however, that if β ∼ δ, SCET should
be matched at a lower scale onto a new effective theory
with unrestricted soft phase space.)
Integrating the differential cross section in Eq. (9) over
the phase space generated by the corresponding con-
straints, we find
1
σ0
σsSW
=
αsCF
2pi
(
4

ln δ − 4 ln2 δ + 8 ln δ ln µ
2βQ
− pi
2
3
)
.
(28)
By introducing quark and anti-quark off-shellnesses as
we did for the JADE algorithm, it can be shown that
the total soft contribution, (σsSW + σ
s
V ) /σ0, is infrared
finite, and the 1/ terms are ultraviolet divergences. The
logarithms in Eq. (28) cannot be minimized for any choice
of µ since there is a large ln δ in the 1/ term. (See,
however, [27] in which factorization and resummation in
the SW two-jet rate were studied in perturbative QCD.)
Integrating Eq. (10) over the phase space given by the
collinear SW constraints, we find the na¨ıve n-collinear
contribution to be
1
σ0
σ˜nSW =
αsCF
2pi
(
1

(
3
2
+ 2 ln 2β
)
+ 3 ln
µ
δQ
+2 ln 2β ln
µ2
2βδ2Q2
+
13
2
− 2pi
2
3
)
.
(29)
Note that there is no reasonable scale µ at which all the
logarithms are minimized. We now need to subtract the
p−3 → 0 zero-bin of the SW n-collinear contribution. In-
tegrating over the relevant phase space gives us
1
σ0
σn0SW =
αsCF
2pi
(
− 1
2
− 2

ln
µ
2βδQ
−2 ln2 µ
2βδQ
+
pi2
12
)
. (30)
The zero-bin gives a nontrivial contribution that is not
equal to the soft contribution, because the region of in-
tegration generated by taking the collinear and then soft
limit is not the same as taking the soft limit of the QCD
SW phase space. It is interesting to note that the scale
in the n-collinear zero-bin, βδQ, corresponds to the p⊥ of
a parton at the edge of the cone with the maximum en-
ergy allowed outside the cone, βQ. This corresponds to
the intersection point of Fig. 5(c), generated by a consis-
tent expansion of phase space constraints in the effective
theory.
The zero-bin subtracted result for the n-collinear sec-
tor is
1
σ0
(σ˜nSW − σn0SW) =
αsCF
2pi
(
1
2
+
3
2
+
2

ln
µ
δQ
+ 3 ln
µ
δQ
+ 2 ln2
µ
δQ
− 3pi
2
4
+
13
2
)
(31)
where the logarithms are now minimized at µ = δQ, un-
like in Eq. (29). The collinear scale, δQ, corresponds to
the p⊥ of a parton at the edge of the cone with typical
collinear energy O(Q). The emission of a collinear gluon
in the n¯ direction, i.e. from the anti-quark, gives the
same result.
The n-collinear rate is independent of the jet param-
eter β, because the phase space region in Fig. 5(b) with
a collinear gluon outside the cone with energy less than
βQ, where β  1, corresponds to the zero-bin. This
contribution is entirely removed by the zero-bin subtrac-
tion and Eq. (31) is given only by the region where the
n-collinear quark and gluon lie in the cone. This under-
scores the consistency of the phase space expansion in
Section II and the zero-bin prescription. The soft sector
resolves the cone in addition to the scale βQ and gives
rise to the double logarithm cross term in the SW result
below.
Combining these results gives
fSW2 =
|C2|2
|Z2|2
(
1 +
2
σ0
(σ˜nSW − σn0SW) +
1
σ0
σsSW
)
= 1 +
αsCF
pi
(
−4 ln 2β ln δ − 3 ln δ − pi
2
3
+
5
2
)
(32)
in agreement with the full QCD calculation [14].
92. k⊥
The k⊥ two-jet rate in SCET reveals a more subtle can-
cellation of divergences than the previous two algorithms
and highlights again the importance of zero-bin subtrac-
tions. Integrating the differential cross section for the
emission of a soft gluon over the soft phase space in Fig.
6(b), we find that σsk⊥ is not regulated in dimensional reg-
ularization. Performing the k+3 integral first over the q¯g
jet region of phase space, we obtain a term proportional
to
dσsk⊥
dk−3
∝
(
Q2yc − (k−3 )2
)−
 k−3
+ · · · , (33)
where the ellipses denote terms which are finite in d =
4−2 dimensions. This term causes the k−3 integration to
diverge at zero. A similar problem arises when integrat-
ing over the soft region generated by the qg jet constraint.
Despite this divergence, the total two-jet cross section is
finite in QCD and so must be finite in SCET. The region
that gives rise to this divergence is also integrated over
in the zero-bin calculations and since the soft and zero-
bin integrands are the same the divergence cancels in the
difference. Integrating the soft differential rate over the
combined soft and zero-bin regions gives a finite result in
d dimensions:
1
σ0
(σsk⊥ − σn0k⊥ − σn¯0k⊥)
=
αsCF
2pi
(
2
2
+
2

ln
µ2
ycQ2
+ ln2
µ2
ycQ2
− pi
2
3
)
(34)
where we see the soft scale
√
ycQ appear as in Fig. 6.
We combine this with the rate to produce an n-collinear
gluon,
1
σ0
σ˜nk⊥ =
αsCF
2pi
(
1

(
3
2
+ ln yc
)
+ ln
µ2
ycQ2
(
3
2
+ ln yc
)
− 3 ln 2− pi
2
3
+
7
2
)
(35)
to obtain the total two-jet rate for emission of a real gluon
1
σ0
(σ˜nk⊥ + σ˜
n¯
k⊥ + σ
s
k⊥ − σn0k⊥ − σn¯0k⊥)
=
αsCF
2pi
(
2
2
+
1

(
2 ln
µ2
Q2
+ 3
)
+ ln2
µ2
Q2
+ 3 ln
µ2
Q2
− ln2 yc − 3 ln yc − 6 ln 2− pi2 + 7
)
(36)
where again n and n¯ collinear gluon emission give the
same contribution and the virtual piece vanishes. In-
cluding the counter-term Z2 and the Wilson coefficient
C2, we reproduce the known NLO k⊥ result [25]
fk⊥2
= 1 +
αsCF
2pi
(
− ln2 yc − 3 ln yc − 6 ln 2 + pi
2
6
− 1
)
.
(37)
This calculation re-emphasizes the importance of zero-
bin subtraction: without it, the evaluation of a finite
fk⊥2 would not be possible. Since the soft and collinear
cross sections are not regulated in dimensional regular-
ization, it is useful to regulate the infrared and ultravio-
let divergences separately by taking the outgoing quark
and antiquark off-shell. The resulting rate for soft gluon
emission then becomes
1
σ0
σsk⊥ =
αsCF
2pi
ln2
p21p
2
2
Q4 yc
+ . . . . (38)
Note that unlike the previous algorithms, the soft real
emission result is not ultraviolet divergent. Combining
this with the contribution from the soft virtual vertex
correction (22) gives
1
σ0
(
σsk⊥ + σ
s
V
)
=
αsCF
2pi
(
− 2
2
− 2

ln
µ2Q2
p21p
2
2
+ 2 ln
p21p
2
2
Q4
ln
µ2
ycQ2
)
+ . . . . (39)
This shows explicitly that the rate in the soft sector is
not infrared safe.
The rate for n-collinear gluon emission and the zero-
bin are, respectively,
1
σ0
σ˜nk⊥
=
αsCF
2pi
(
− 2
2
− 2

ln
µ2
p21
√
yc
− ln2 µ
2
p21
+
3
2
ln
p21
Q2yc
)
+ . . .
1
σ0
σn0k⊥
=
αsCF
2pi
(
− 2
2
− 2

ln
µ2
p21
√
yc
+ ln2
p21
ycQ2
− ln2 µ
2
p21
)
+ . . . . (40)
and their difference gives us the zero-bin subtracted re-
sult
1
σ0
σnk⊥ =
αsCF
2pi
(
− ln2 p
2
1
ycQ2
+
3
2
ln
p21
ycQ2
)
+ . . . .
(41)
As with the soft sector, the phase-space integration for
the n-collinear real emission is ultraviolet finite but in-
frared divergent. Combining the real emission contribu-
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tions to the k⊥ two-jet cross section, we find
1
σ0
σRk⊥ =
1
σ0
(σnk⊥ + σ
n¯
k⊥ + σ
s
k⊥)
=
αsCF
2pi
(
3
2
(
ln
p21
Q2
+ ln
p22
Q2
)
+ 2 ln
p21
Q2
ln
p22
Q2
)
+ . . . . (42)
The infrared divergences in Eq. (42) are completely
cancelled by the total virtual contribution σV given in
Eq. (A10). As expected, the virtual graphs convert the
infrared divergences in the real emission diagrams into ul-
traviolet ones. While SCET reproduces the known NLO
k⊥ result, the soft and collinear rates are not indepen-
dently infrared safe, indicating for the k⊥ phase space the
soft and collinear modes do not factorize in SCET using
dimensional regularization to regulate the ultraviolet.
IV. FACTORIZATION AND
SCHEME-DEPENDENCE
It is useful to examine the failure of SCET to fac-
torize the k⊥ rate into separately infrared safe soft and
collinear pieces, particularly given the fact that the re-
gions of integration for the soft gluons are quite simi-
lar in the infrared between k⊥ and JADE. Instead, the
bad behaviour in Eq. (33) comes from the region of large
k+ and small k− and vice-versa - a region which is in-
frared divergent, but sensitive to the ultraviolet regula-
tor. Since, as we have shown, the ultraviolet divergences
in the phase space integrals cancel between the soft and
collinear degrees of freedom, this is an unphysical region,
and so cancels from the total rate. The same cancella-
tion occurs at the one-loop level, in which terms of order
1/UV ln p2i cancel between soft and collinear graphs [1].
However, this unphysical region can also be eliminated
by defining the soft function with a cutoff Λf . In partic-
ular, we show in this section that while the k⊥ algorithm
in dimensional regularization does not factorize in SCET
into separate infrared safe contributions, regulating the
ultraviolet with a cutoff on the light-cone components of
the gluon momentum,
|k+| < Λf , |k−| < Λf (43)
results in an infrared safe soft function.
Integrating the soft rate over the relevant region for
k⊥, including the cutoff (43), and continuing to work in
d dimensions to regulate the infrared, we find for real soft
gluon emission
1
σ0
σsk⊥ =
αsCF
2pi
(
2
2
+
2

ln
µ2
Λ2f
− ln2 ycQ
2
Λ2f
+ ln2
µ2
Λ2f
− pi
2
3
)
(44)
Similarly, the same regulator for soft real gluon emis-
sion in the JADE algorithm gives
1
σ0
σsJADE =
αsCF
2pi
(
2
2
+
2

ln
µ2
Λ2f
− 1
2
ln2
j2Q2
Λ2f
+ ln2
µ2
Λ2f
− pi
2
6
)
(45)
Note that with a cutoff, the 1/2 and Sudakov double
logs ln2 j and ln2 yc are entirely contained within the soft
function, as opposed to pure dimensional regularization,
in which the collinear graphs also contain double logs.
This is in agreement with [25, 26], where the Sudakov
logs are calculated entirely from the soft graphs.
The soft virtual vertex correction with a cutoff of Λf
in |k+| and |k−| gives a modified vertex correction
σsV =
αsCF
2pi
(
− 2
2
− 2

ln
µ2
Λ2f
− ln2 µ
2
Λ2f
+
pi2
6
)
(46)
giving the finite results
1
σ0
(
σsk⊥ + σ
s
V
)
= −αsCF
2pi
(
ln2
ycQ
2
Λ2f
+
pi2
6
)
.
1
σ0
(σsJADE + σ
s
V ) = −
αsCF
4pi
ln2
j2Q2
Λ2f
. (47)
Note that the infrared divergences cancel between the
real and virtual graphs, and that there are no large logs
in the soft function for Λf of order the relevant soft scale,
jQ or
√
ycQ.
These results demonstrate the fact that factorization
of rates in SCET into soft and collinear components is
scheme-dependent. Such dependence on infrared regu-
lators was also noted in a different context in [11] and
[28]. Using the method introduced in [11] to test infrared
safety at one loop, one would conclude that the soft con-
tribution to the k⊥ rate is infrared divergent. This differs
from our results, because, as we have shown, the infrared
safety of the soft function is ultraviolet regulator depen-
dent. Introducing a cutoff removes the unphysical region
of k± → 0 and k∓ → ∞ and results in an infrared safe
soft contribution to the two-jet k⊥ rate.3 The bad be-
haviour of k⊥ in dimensional regularization in SCET is
therefore a feature of dimensional regularization, not of
SCET. The factorization for jet rates depends on the ul-
traviolet regulator of the theory as well as the infrared.
3 Similarly, the NLO soft function for angularities, τa, for 1 < a <
2 integrated over τa between 0 and 1 can be shown to be infrared
finite if defined with an ultraviolet cutoff.
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V. CONCLUSION
We have presented a consistent treatment of phase-
space integrals over soft and collinear degrees of freedom
in SCET, illustrating this with the explicit example of the
NLO dijet rate for three different jet algorithms. In this
approach the phase space for different modes in the effec-
tive theory are insensitive to details above their cutoff,
giving real emission contributions with ultraviolet diver-
gences which cancel between the collinear and soft sec-
tors. Although the leading order SCET Lagrangian sep-
arates soft and collinear modes and the differential cross
section has been shown to factorize, we demonstrated
that using dimensional regularization the k⊥ algorithm
does not factorize into infrared safe soft and collinear
rates. We showed that this is related to a divergence
in an unphysical region which cancels between the soft
and collinear sectors, and is sensitive to the ultraviolet
regulator.
Zero-bin subtraction is necessary to consistently inte-
grate over the phase space configurations that need to
be considered in a given jet algorithm. The zero-bin sub-
traction was shown to entirely remove regions of the na¨ıve
collinear rate where n and n¯ collinear degrees of free-
dom form a jet at NLO in the JADE algorithm and for
collinear partons outside the cone in SW. The k⊥ and
SW dijet rates provide nontrivial examples of zero-bin
subtraction, which are different from the soft contribu-
tion.
We have not attempted to sum logarithms of the small
jet parameters at this stage. While the running of C2
makes summing some of the logarithms straightforward,
the soft physics in these theories is more complicated. For
example, the JADE algorithm is known not to exponen-
tiate: there are three-jet configurations which contribute
at O(α2s ln
4 j) in which two gluons, which would naıv¨ely
be unresolved from the quarks, are combined to form a
third jet [26]. Such configurations have no simple rela-
tion to the one-gluon phase space and are not obtained
by exponentiating the one-loop result. From an effective
field theory viewpoint, these configurations also involve
the scale j2Q, which is parametrically smaller than the
soft scale jQ. The soft function for the SW algorithm,
in contrast, na¨ıvely has an anomalous dimension of order
ln δ, and so large logarithms of δ cannot be resummed in
this formulation of the low-energy theory.
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APPENDIX A: OFFSHELL CALCULATIONS
The SCET differential cross section for soft gluon emis-
sion and offshell quarks, p21, p
2
2 6= 0, is
1
σ0
dσs =
αsCF
2pi
µ2eγE
Γ(1− ) θ(k
+
3 k
−
3 ) dk
+
3 dk
−
3
× 2Q
2 (k+3 k
−
3 )
−
(Qk+3 + p
2
1)(Qk
−
3 + p
2
2)
, (A1)
where p21 = Qk
+
1 , p
2
2 = Qk
−
2 and p
2
3 = 0. The JADE
two-jet constraints become
M213
Q2
=
Qk+3 + p
2
1
Q2
< j,
M223
Q2
=
Qk−3 + p
2
2
Q2
< j,
M212
Q2
= 1 (A2)
and integrating over the soft phase space gives
1
σ0
σsJADE =
αsCF
2pi
(
1

(
4 ln j − 2 ln p
2
1
Q2
− 2 ln p
2
2
Q2
)
+
(
ln
p21
Q2
+ ln
p22
Q2
)2
− 2
(
ln
p21
Q2
+ ln
p22
Q2
)
ln
µ2
Q2
)
+ · · · (A3)
where the ellipses denote finite constant terms.
Similarly, the SCET differential cross section for n-
collinear gluon emission with off-shellness is
1
σ0
dσn =
αsCF
2pi
µ2eγE
Γ(1− )dk
+
3 dp
−
3 (p
−
3 k
+
3 )
−
×
(
(1− ) p−3 k+3
(p21 +Qk
+
3 )2
+
2(Q− p−3 )
p−3 (p
2
1 +Qk
+
3 )
)
(A4)
and the corresponding JADE two-jet constraints are
M213
Q2
=
Qk+3 + p
2
1
Q(Q− p−3 )
< j,
M223
Q2
=
Qp−3 + p
2
2
Q2
< j,
M212
Q2
=
Q(Q− p−3 ) + p21 + p22
Q2
< j. (A5)
Note that the off-shellnesses in M223 and M
2
12 are sup-
pressed with respect to the label momenta and thus can
be dropped. Integrating Eq. (A4) over the phase space
given by these constraints, we find
1
σ0
σ˜nJADE
=
αsCF
2pi
(
− 2
2
+
1

(
2 ln j + 2 ln
p21
Q2
− 2 ln µ
2
Q2
)
− ln2 p
2
1
Q2
+ 2 ln
µ2
Q2
ln
p21
Q2
+
3
2
ln
p21
Q2
)
+ . . . .
(A6)
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The p−3 → 0 zero-bin for the n-collinear differential
cross section is obtained from Eq. (A4) by taking the
soft limit:
1
σ0
dσn0 =
αsCF
2pi
µ2eγE
Γ(1− )dk
+
3 dp
−
3 (p
−
3 k
+
3 )
−
× 2Q
p−3 (p
2
1 +Qk
+
3 )
. (A7)
The JADE constraints for this zero-bin are the same as
the soft ones in Eq. (A2). Performing the phase space
integration gives
1
σ0
σn0JADE =
αsCF
2pi
(
− 2
2
− 2

ln
µ2
j2Q2
)
+ . . . . (A8)
The zero-bin subtracted result, which is the difference
betweem Eq. (A6) and Eq. (A8), is not particularly il-
luminating. It should be noted, however, that this zero-
bin subtraction gets rid of the 1/2 term, which is also
absent in the contribution from soft gluon emission in
Eq. (A3). Thus the total contribution from real gluon
emission is free of such terms. The result for n¯-collinear
gluon emission will be the same as that for n-collinear
gluon emission with p21 → p22. Combining the real emis-
sion contributions to the JADE cross section gives
1
σ0
σRJADE
=
1
σ0
(
(σ˜nJADE − σn0JADE) + (σ˜n¯JADE − σn¯0JADE) + σsJADE
)
=
αsCF
2pi
(
2 ln
p21
Q2
ln
p22
Q2
+
3
2
ln
p21
Q2
+
3
2
ln
p22
Q2
)
+ . . . .
(A9)
Notice that this result is free of ultraviolet divergences,
and off-shellness is regulating all of its infrared diver-
gences. The collinear and the soft sectors are individ-
ually ultraviolet divergent, but these ultraviolet diver-
gences arising from the phase space cancel completely
with one another in the sum.
With off-shellness, the virtual diagrams are no longer
zero, and they have been previously calculated with off-
shellness, for example in [19] for deep inelastic scattering
and in [20] for e+e− annihilation. The zero-bin subtrac-
tions of the collinear virtual graphs also vanish with this
regulator [18, 23]. At the amplitude level, we sum up all
the virtual vertex corrections and subtract half the wave-
function renormalization for each external (anti-)quark:
IV =
αsCF
4pi
(
2
2
+
3

− 2

ln
−Q2
µ2
− 2 ln p
2
1
Q2
ln
p22
Q2
− 3
2
ln
p21
Q2
− 3
2
ln
p22
Q2
)
+ . . . . (A10)
The virtual graphs’ contribution to the two-jet rate is
σV = 2Re(IV ). We can then see that the IR divergences
from real gluon emission in Eq. (A9) will be completely
cancelled by the virtual contributions, and the UV diver-
gent terms in σV will be cancelled by the counter term
|Z2|2.
We can also focus on the soft sector to investigate its
IR safety. The soft virtual vertex correction is given by
[20]:
IsV
=
αsCF
4pi
(
− 2
2
− 2

ln
(
−µ
2Q2
p21p
2
2
)
− ln2
(
−µ
2Q2
p21p
2
2
))
+ . . . . (A11)
The soft wavefunction renormalisation graphs are zero, so
in the soft sector, the soft virtual vertex correction and
the soft gluon bremstrahhlung are the only two diagrams
we need to add:
1
σ0
(σsJADE + σ
s
V ) =
αsCF
2pi
(
− 2
2
− 4

ln
µ
jQ
)
+ . . . .
(A12)
This agrees with our pure dimensional regularization cal-
culation in Eq. (12). This also shows that the rate in the
soft sector is infrared finite. The collinear contribution
is also IR safe because the sum of all sectors is free of
infrared divergences.
k⊥: The k⊥ phase space regions shown in Table I are
not affected by the introduction of the off-shellnesses,
with the only exception that the constraint
min
(
k+3
p−3
,
k+3 p
−
3
(Q− p−3 )2
)
< yc (A13)
is slightly modified to
min
(
Q− p−3
p−3
,
p−3
Q− p−3
)
Q2k+3 + p
−
3 p
2
1
Q2(Q− p−3 )
< yc. (A14)
The calculation is otherwise straightforward.
[1] C. W. Bauer, S. Fleming and M. E. Luke, Phys. Rev. D
63, 014006 (2000) [arXiv:hep-ph/0005275].
[2] C. W. Bauer, S. Fleming, D. Pirjol and I. W. Stewart,
13
Phys. Rev. D 63, 114020 (2001) [arXiv:hep-ph/0011336].
[3] C. W. Bauer and I. W. Stewart, Phys. Lett. B 516, 134
(2001) [arXiv:hep-ph/0107001].
[4] C. W. Bauer, D. Pirjol and I. W. Stewart, Phys. Rev. D
65, 054022 (2002) [arXiv:hep-ph/0109045].
[5] C. W. Bauer, S. Fleming, D. Pirjol, I. Z. Rothstein
and I. W. Stewart, Phys. Rev. D 66, 014017 (2002)
[arXiv:hep-ph/0202088].
[6] J. C. Collins, D. E. Soper and G. Sterman, Adv.
Ser. Direct. High Energy Phys. 5, 1 (1988) [arXiv:hep-
ph/0409313].
[7] G. Sterman, hep-ph/9606312.
[8] C.W. Bauer, A.V. Manohar and M.B. Wise, Phys. Rev.
Lett. 91 (2003) 122001 [arXiv:hep-ph/0212255].
[9] C.W. Bauer, C. Lee, A.V. Manohar and M.B. Wise,
Phys. Rev. D 70 (2004) 034014 [arXiv:hep-ph/0309278].
[10] C. W. Bauer, S. P. Fleming, C. Lee and G. Sterman,
Phys. Rev. D 78, 034027 (2008) [arXiv:0801.4569 [hep-
ph]].
[11] A. Hornig, C. Lee and G. Ovanesyan, JHEP 0905, 122
(2009) [arXiv:0901.3780 [hep-ph]]; A. Hornig, C. Lee
and G. Ovanesyan, Phys. Lett. B 677, 272 (2009)
[arXiv:0901.1897 [hep-ph]].
[12] S. Fleming, A. H. Hoang, S. Mantry and I. W. Stewart,
Phys. Rev. D 77, 074010 (2008) [arXiv:hep-ph/0703207].
[13] C.W. Bauer, A. Hornig and F.J. Tackmann,
arXiv:0808.2191 [hep-ph].
[14] G. Sterman and S. Weinberg, Phys. Rev. Lett. 39 (1977)
1436.
[15] M. Trott, Phys. Rev. D 75 (2007) 054011 [arXiv:hep-
ph/0608300].
[16] JADE Collaboration, S. Bethke et al., Phys. Lett. B 213
(1988) 235.
[17] S. Catani, Y. L. Dokshitzer, M. Olsson, G. Turnock and
B. R. Webber, Phys. Lett. B 269, 432 (1991).
[18] A. V. Manohar and I. W. Stewart, Phys. Rev. D 76
(2007) 074002 [arXiv:hep-ph/0605001].
[19] A. V. Manohar, Phys. Rev. D 68 (2003) 114019
[arXiv:hep-ph/0309176].
[20] C. W. Bauer and M. D. Schwartz, Phys. Rev. D 76 (2007)
074004 [arXiv:hep-ph/0607296].
[21] A. Idilbi and T. Mehen, Phys. Rev. D 75 (2007) 114017
[arXiv:hep-ph/0702022].
[22] A. Idilbi and T. Mehen, Phys. Rev. D 76 (2007) 094015
[arXiv:hep-ph/0707.1101].
[23] J.-Y. Chiu, A. Fuhrer, A. H. Hoang, R. Kelley and A. V.
Manohar, arXiv:hep-ph/0901.1332.
[24] G. Kramer and B. Lampe, Z. Phys. C 34 (1987) 497
[Erratum-ibid. C 42 (1989) 504].
[25] N. Brown and W. J. Stirling, Z. Phys. C 53, 629 (1992).
[26] N. Brown and W. J. Stirling, Phys. Lett. B 252 (1990)
657-662.
[27] S. Mukhi and G. Sterman, Nucl. Phys. B 206, 221 (1982).
[28] J. Y. Chiu, A. Fuhrer, R. Kelley and A. V. Manohar,
arXiv:0909.0012 [hep-ph].
